Commuting involution graphs for sporadic simple groups  by Bates, C. et al.
Journal of Algebra 316 (2007) 849–868
www.elsevier.com/locate/jalgebra
Commuting involution graphs for sporadic
simple groups
C. Bates a, D. Bundy b, S. Hart c, P. Rowley a,∗
a School of Mathematics, University of Manchester, PO Box 88, Manchester M60 1QD, United Kingdom
b Mathematisches Seminar, Christian-Albrechts-Universität Kiel, Ludewig-Meyn Str. 4, D-24098 Kiel, Germany
c School of Economics, Mathematics & Statistics, Birkbeck College, Malet Street, London WC1E 7HX, United Kingdom
Received 1 December 2006
Available online 1 May 2007
Communicated by Derek Holt
Abstract
Let K  G  Aut(K), where K is one of the 26 sporadic finite simple groups, and let t ∈ G be an
involution and X = tG. The commuting involution graph C(G,X) has X as its vertex set with two distinct
elements of X joined by an edge whenever they commute in G. For most of the sporadic simple groups, we
compute the diameter of C(G,X) and give detailed information about the elements at a given distance from
a fixed involution t .
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction and main results
Throughout this paper K will denote one of the 26 sporadic finite simple groups and G a
subgroup of Aut(K) which contains K . So either G = K or [G : K] = 2 (see [9]). Also X will
denote an involution conjugacy class of G. The commuting involution graph C(G,X) has X as
its vertex set with two (distinct) elements of X joined by an edge whenever they commute in G.
* Corresponding author.
E-mail addresses: chrisjbates@gmail.com (C. Bates), bundy@math.uni-kiel.de (D. Bundy), s.hart@bbk.ac.uk
(S. Hart), peter.j.rowley@manchester.ac.uk (P. Rowley).0021-8693/$ – see front matter © 2007 Elsevier Inc. All rights reserved.
doi:10.1016/j.jalgebra.2007.04.019
850 C. Bates et al. / Journal of Algebra 316 (2007) 849–868Our aim here is to probe the structure of these graphs. For x ∈ X we define the ith disc of x,
Δi(x) (i ∈ N), to be
Δi(x) =
{
y ∈ X ∣∣ d(x, y) = i}
where d( , ) is the usual distance metric on the graph C(G,X). Of course, G acting by conjugation
on X embeds G in the group of graph automorphisms of C(G,X) and, clearly, G is transitive
on the vertices of C(G,X). So we now choose t ∈ X to be a fixed vertex of C(G,X)—our main
focus is the description of the discs of t in C(G,X). The diameter of C(G,X) will be denoted by
DiamC(G,X).
Theorem 1.1.
(i) The sizes of the discs Δi(t) are listed in Table 1 and the G-conjugacy classes of tx for
x ∈ Δi(t), i ∈ N, are given in Table 2.
(ii) For (K,X) not equal to (J4,2B), (F i′24,2B), (F i′24,2D), (B,2C), (B,2D) or (M,2B) we
have DiamC(G,X) 4 with DiamC(G,X) = 4 only in the following cases
(a) K ∼= M12,X = 2C;
(b) K ∼= J2, X = 2A or 2B; and
(c) K ∼= McL, X = 2B .
As is apparent from the above theorem and Tables 1 and 2 we shall be relying upon the
ATLAS [9] for the names of conjugacy classes as well as information about power maps, cen-
Table 1
Disc sizes for involutions in sporadic simple groups
K t |Δ1(t)| |Δ2(t)| |Δ3(t)| |Δ4(t)|
M11 2A 12 104 48
M12 2A 35 360
2B 30 352 112
2C 31 360 360 40
J1 2A 30 592 840
M22 2A 50 720 384
2B 49 280
2C 25 400 960
J2 2A 10 80 160 64
2B 47 540 1800 132
2C 49 1134 616
M23 2A 98 2800 896
HS 2A 110 4000 1664
2B 147 7044 8208
2C 133 966
2D 125 7870 15 104
J3 2A 130 11 952 14 080
2B 153 10 982 9384
M24 2A 280 9184 1920
2B 277 21 680 9920
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K t |Δ1(t)| |Δ2(t)| |Δ3(t)| |Δ4(t)|
McL 2A 210 14 000 8064
2B 165 14 740 97 702 792
He 2A 557 23 472 960
2B 448 53 984 132 992
2C 483 94 896 171 180
Ru 2A 1390 465 408 126 976
2B 1367 611 520 639 912
Sz 2A 414 70 208 64 512
2B 1507 809 900 1 968 512
2C 2115 368 540
2D 1287 425 634 1 931 798
O′N 2A 1750 1 864 768 990 720
2B 1463 1 264 032 1 359 336
Co3 2A 630 119 840 50 304
2B 1287 463 584 2 143 328
Co2 2A 2268 54 656
2B 4425 676 160 344 064
2C 7287 10 750 624 17 932 288
Fi22 2A 693 2816
2B 6102 1 210 112
2C 6321 12 665 984 23 814 144
2D 1575 60 200
2E 4887 4 795 992 14 658 560
2F 5103 6 616 736 15 617 520
HN 2A 7975 1 531 024
2B 8310 46 085 504 27 970 560
2C 9495 27 523 880 47 706 624
Ly 2A 34 650 817 790 624 479 001 600
Th 2A 30 510 656 831 744 319 979 520
Fi23 2A 3510 28 160
2B 76 428 55 506 176
2C 151 866 6 727 673 600 6 111 756 288
Co1 2A 73 350 46 056 704 491 520
2B 119 407 1 593 664 592 471 910 400
2C 94 743 1 944 011 168 8 736 473 088
J4 2A 194 106 2 989 451 520 990 904 320
2B
Fi′24 2A 1 346 787 4 798 312 640 60 825 600
2B
2C 31 671 275 264
2D
B 2A 27 081 783 13 544 873 216
2B 269 689 950 11 707 178 983 424
2C
2D
M 2A 11 734 592 583 375 97 147 879 882 582 298 624 91 569 524 834 304 000
2B
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The conjugacy class of products tx for x ∈ Δi(t)
K t Δ1(t) Δ2(t) Δ3(t) Δ4(t)
M11 2A 2A 3A, 4A, 6A 5A
M12 2A 2A, 2B 3B, 4A, 4B, 5A, 6A
2B 2B 3A, 4A, 4B, 6B 3B, 5A
2C 2A, 2B 3B, 5A, 6A, 10A 6B, 11A, 11B∗∗ 3A
J1 2A 2A 3A, 5A, 5B∗, 6A, 10A, 10B∗ 7A, 11A, 15A, 15B∗, 19A,
19B∗2, 19C∗4
M22 2A 2A 3A, 4A, 4B, 6A 5A
2B 2A 3A, 4A
2C 2A 4B, 5A 3A, 4A, 6A, 11A, 11B∗∗
J2 2A 2A 4A 3B 5A, 5B∗
2B 2A, 2B 3B, 5A, 5B∗, 6B, 10A, 10B∗ 5C(120), 5D∗(120), 6A, 7A,
10C, 10D∗, 12A, 15A, 15B∗
3A, 4A,
5C(24),
5D∗(24)
2C 2A, 2B 3B, 4A, 6B, 7A, 8A 3A, 6A, 12A
M23 2A 2A 3A, 4A, 6A 5A
HS 2A 2A 3A, 4B, 4C, 6B 5B, 5C
2B 2A, 2B 3A, 4B, 4C, 5B, 6B(720), 8B, 8C, 10B 5A, 6B(720), 7A, 10A, 15A
2C 2A, 2B 3A, 4B
2D 2A, 2B 3A, 4A, 4B, 4C, 5C, 6A, 6B, 8A, 12A 5A, 5B, 7A, 10A, 10B, 11A,
11B∗∗, 15A, 20A, 20B∗∗
J3 2A 2A 3A, 4A, 5A, 5B∗, 6A, 8A, 10A, 10B∗,
12A
3B, 9A, 9B∗2, 9C∗4, 15A, 15B∗,
17A, 17B∗
2B 2A 3B, 4A, 8A, 9A, 9B∗2, 9C∗4, 17A,
17B∗
3A, 6A, 12A, 19A, 19B∗∗
M24 2A 2A, 2B 3A, 4A, 4B, 6A 3B, 5A
2B 2A, 2B 3B, 4A, 4B, 4C, 5A, 6B, 10A, 12B 3A, 6A, 11A
McL 2A 2A 3B, 4A, 6B 5B
2B 2A 3B, 4A(1980), 5B, 6B(3960) 3A, 4A(990), 5A(792), 6A,
6B(1320), 7A, 7B∗∗, 8A, 9A,
9B∗∗, 10A, 12A, 14A, 14B∗∗,
15A, 15B∗∗, 30A, 30B∗∗
5A(792)
He 2A 2A, 2B 3A, 4A, 4B, 4C, 5A, 6A 3B
2B 2A, 2B 3B, 4B, 4C, 6B, 8A, 12B 3A, 5A, 6A, 7C, 10A, 15A, 17A,
17B∗, 21A, 21B∗
2C 2A, 2B 3A, 3B, 4A, 5A, 6A, 7C, 10A, 12B,
15A, 21A, 21B∗, 21C, 21D∗∗
4B, 4C, 6B, 7A, 7B∗∗, 7D, 7E∗∗,
8A, 12A, 14A, 14B∗∗, 14C,
14D∗∗, 28A, 28B∗∗
Ru 2A 2A 3A, 4A, 4C, 4D, 5A, 6A, 8C, 10A, 12A 5B, 7A, 13A
2B 2A, 2B 5B, 7A, 10B, 13A, 14A, 14B∗3,
14C∗5, 26A, 26B∗3, 26C∗9
3A, 4A, 4B, 4C, 4D, 5A, 6A,
10A, 15, 20A, 29A, 29B∗
Suz 2A 2A 3B, 4A, 4C, 6E 3C, 5B
C. Bates et al. / Journal of Algebra 316 (2007) 849–868 853Table 2 (continued)
K t Δ1(t) Δ2(t) Δ3(t) Δ4(t)
2B 2A, 2B 3C, 4A, 4B, 4C, 4D, 5B, 6E, 7A, 8A,
8B, 8C, 10B, 12D, 14A
3A, 3B, 5A, 6A, 6D, 10A, 11A,
12A, 12B, 12C, 13A, 13B∗, 15A,
15B∗, 15C, 20A, 21A, 21B∗,
24A
2C 2A, 2B 3A, 3C, 4A, 4C, 5B, 6A, 6D, 7A, 8A
2D 2A, 2B 3A, 3C, 4A(2970), 4B, 4C, 5B, 6D,
10B, 11A, 12E
3B, 4A(990), 5A, 6A, 6B, 6C∗∗,
7A, 8B, 9A, 10A, 12A, 12B,
12C, 14A, 15A, 18A, 20A
O′N 2A 2A 3A, 4A, 4B, 5A, 6A, 7A, 8A, 8B, 10A,
12A, 14A, 16A, 16B∗, 16C, 16D∗,
28A, 28B∗
7B, 11A, 15A, 15B∗, 19A,
19B∗2, 19C∗4
2B 2A 3A, 5A, 6A, 7B, 10A, 11A, 15A, 15B∗,
19A, 19B∗2, 19C∗4
4A, 4B, 7A, 12A, 14A, 20A,
20B∗∗, 28A, 28B∗, 31A, 31B∗∗
Co3 2A 2A 3B, 4B, 6C 3C, 5B
2B 2A, 2B 3B, 3C, 4A, 4B, 5B, 6C(47520), 6E,
8A, 8B, 8C, 10A
3A, 5A, 6A, 6B, 6C(15840), 7A,
9A, 9B, 10B, 12A, 12B, 14A,
15A, 15B, 18A, 21A, 24A, 24B,
30A
Co2 2A 2B, 2C 3B, 4C
2B 2A, 2B, 2C 3B, 4A, 4C, 4E, 4F, 6E 5B
2C 2A, 2B, 2C 3B, 4A, 4B, 4C, 4D, 4E, 4F, 4G, 5B,
6C, 6D, 6E, 6F, 8A, 8B, 8C,
8D(276480), 8E, 8F, 10B, 10C, 12D,
12F(552960), 12H, 16A, 20B
3A, 5A, 6A, 6B, 7A,
8D(184320), 9A, 10A, 11A, 12A,
12B, 12C, 12E, 12F(368640),
12G, 14A, 15A, 18A, 20A, 24A,
24B, 28A, 30A
Fi22 2A 2B 3A
2B 2B, 2C 3A, 3C, 4A, 4D, 4E, 5A, 6D, 6I
2C 2A, 2B, 2C 3A, 3B, 3C, 3D, 4A, 4B, 4C, 4D, 4E,
6A, 6B, 6C, 6D, 6E, 6F, 6G, 6H, 6I, 6J,
6K, 8A, 8B, 8D, 12A, 12B(221184),
12C, 12D, 12E, 12F, 12G, 12H, 12I,
12J, 12K
5A, 7A, 8C, 9A, 9B, 9C, 10A,
10B, 12B(221184), 13A, 13B,
14A, 15A, 18C, 18D, 20A, 21A,
24A, 24B, 30A
2D 2B 3C, 4A
2E 2B, 2C 3A, 3C, 4A, 4C, 4D, 4E, 5A, 6D, 6H,
6I(345600), 8A, 8B, 10B, 12B, 12I
3B, 6C, 6I(138240), 7A, 8C, 9A,
11AB, 12A 12G, 12H, 15A,
16AB, 18D
2F 2B, 2C 3A(2576), 3B, 3C, 4A, 4E, 4F, 6C,
6D(146160), 6H, 6I, 7A, 8A, 8B, 9B,
10B, 12A, 12I, 15A
3A(240), 3D, 4C, 4D,
6D(15120), 6F, 6K, 8C, 9A, 9C,
11A, 11B∗∗, 12B, 12C, 12H,
12K, 18C, 21A, 24A, 24B
HN 2A 2A, 2B 3A, 4A, 4B, 5A, 5E, 6A
2B 2A, 2B 3A, 3B, 4A, 4B, 4C, 5B, 5C, 5D∗, 5E,
6A, 6B, 6C, 8B, 10A, 10C, 10D, 10E∗,
10F, 10G, 10H∗, 12A, 12B, 12C, 15B,
15C∗, 20A, 20B∗, 20D, 20E∗, 30B,
30C∗
5A, 7A, 9A, 10B, 11A, 14A,
15A, 20C, 21A, 22A, 25A, 25B∗,
30A
(continued on next page)
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K t Δ1(t) Δ2(t) Δ3(t) Δ4(t)
2C 2A, 2B 3A, 3B, 4A, 4B(191520), 5A, 5E, 6A,
6B, 6C, 7A, 8B(907200), 9A, 10B, 10F,
12A, 14A(181440), 15A,
20C(1814400), 21A, 30A(1814400)
4B(90720), 4C, 5B, 8A,
8B(1814400), 10A, 10C, 11A,
12B, 12C, 14A(181440),
19AB∗∗, 20A, 20B,
20C(1814400), 22A,
30A(1814400), 35AB∗∗,
40AB∗∗
Ly 2A 2A 3A, 3B, 4A, 5A, 5B, 6A, 6B, 6C, 7A,
8A, 8B, 9A, 10A, 10B, 11A, 11B∗∗,
12A, 12B, 14A, 15A, 15B, 18A, 20A,
21A, 21B∗, 24A, 24B, 24C∗, 28A,
30A, 30B, 40A, 40B∗, 42A, 42B∗
15C, 25A, 31A, 31B∗2, 31C∗4,
31D∗8, 31E∗16, 37A, 37B∗,
67A, 67B∗2, 67C∗4
Th 2A 2A 3A, 3B, 3C, 4A, 4B, 5A, 6A, 6B, 6C,
7A, 8A, 9A, 9C, 10A, 12C, 12D, 14A,
18A, 18B, 20A, 28A, 36A
9B, 13A, 19A, 21A, 27A
Fi23 2A 2B 3A
2B 2B, 2C 3A, 3C, 4B, 4C, 5A, 6C, 6K
2C 2A, 2B, 2C 3A, 3B, 3C, 3D, 4A, 4B, 4C, 4D, 5A,
6A, 6B, 6C, 6D, 6E, 6F, 6G, 6H, 6I, 6J,
6K, 6L, 6M, 6N, 6O, 8A, 8B, 8C, 9A,
9C, 9D, 10A, 10B, 10C, 12A, 12B,
12C, 12D, 12E, 12F, 12G, 12H, 12I,
12J, 12K, 12L, 12M, 12N, 12O, 15B,
18A, 18C, 18D, 18F, 18G, 20A, 20B,
24A, 24B, 24C, 26A, 26B∗, 30C, 36A
7A, 9B, 9E, 11A, 13A, 13B∗,
14A, 14B, 15A, 17A, 18B, 18E,
18H, 21A, 22A, 27A, 28A, 30A,
30B, 35A, 36B, 39A, 39B∗, 42A,
60A
Co1 2A 2A, 2C 3B, 4A, 4C, 4D, 5A, 6E 3D
2B 2A, 2B, 2C 3A, 3D, 4A, 4B, 4D, 4E, 5A, 5B, 6A,
6B, 6H, 6I, 7A, 8A, 8B, 8C, 8F, 10A,
10C, 10F, 12A 12C, 12L, 13A, 14A,
15B, 15C, 21A, 24A
3B, 6E, 11A, 12E, 20A
2C 2A, 2B, 2C 3B, 3D, 4A, 4B, 4C, 4D, 4F, 5B, 6C,
6E, 6G, 6H, 6I, 8A, 8B, 8C, 8D, 8E,
10C, 10D, 10F, 11A, 12E, 12G, 12I,
12J, 12M, 16B, 20B, 24C, 24E
3A, 3C, 5A, 5C, 6A, 6B, 6D, 6F,
7A, 7B, 9A, 9B, 9C, 10A, 10B,
10E, 12A, 12B, 12C, 12D, 12H,
12K, 13A, 14A, 14B, 15A, 15B,
15C, 15D, 15E, 18A, 18B, 18C,
20A, 20C, 21A, 21B, 21C, 24B,
24F, 26A, 28A, 30A, 30B, 30C,
30D, 30E, 33A, 35A, 36A, 42A,
60A
J4 2A 2A, 2B 3A, 4A, 4B, 4C, 5A, 6B, 6C, 8C, 10A,
12B
11B
2B
Fi′24 2A 2A, 2B 3A, 3C, 4A, 4B, 5A, 6A, 6F 3E
2B
2C 2A 3A
2D
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K t Δ1(t) Δ2(t) Δ3(t) Δ4(t)
B 2A 2B, 2C 3A, 4A
2B 2B, 2D 3A, 4E, 4G, 5A, 6C
2C
2D
M 2A 2A, 2B 3A, 4A, 4B, 5A, 6A 3C
2B
tralizer sizes and details about subgroups of Aut(K). We remark that in the case when t is an
outer automorphism of K (so G = Aut(K)) and the conjugacy classes for tx in K fuse in G
(where x ∈ X) then in Table 2 the letters of both fused classes are written. For example 11AB
where 11A and 11B are classes of K which fuse in G. We emphasize that for the unfused classes
we will use the class names in K (rather than the Aut(K) class names). We recall that for K a
sporadic group and X a K-conjugacy class of involutions, X will also be a G-conjugacy class
and so C(K,X) and C(G,X) coincide. The disc structure of the commuting graphs for the pairs
excluded in Theorem 1.1(ii) are currently unknown.
During the gestation of a number of the sporadic simple groups, commuting involution graphs
for certain involution conjugacy classes were studied. For example, the three Fischer groups with
the conjugacy class being the 3-transpositions were investigated by Fischer [10], resulting in the
construction of these groups. Later, also prior to their construction, commuting involution graphs
for the Baby Monster ({3,4}-transpositions) and the Monster (6-transpositions) were analyzed.
We include these cases here for completeness. For more recent work on commuting involution
graphs of finite groups see [2–4].
Let C be a G-conjugacy class and define
XC = {x ∈ X | tx ∈ C}.
It is clear that XC will be a union of certain CG(t)-orbits of X (where G acts upon X by conju-
gation). In locating which discs of t contain the vertices in XC we sometimes need to determine
how XC breaks into CG(t)-orbits. Also of interest to us is the size of XC which leads us to class
structure constants. Class structure constants are the sizes of sets
{
(g1, g2) ∈ C1 × C2
∣∣ g1g2 = g
}
where C1, C2, C3 are G-conjugacy classes and g is a fixed element of C3. Now these constants
can be calculated directly from the complex character table of G which are recorded in the
ATLAS and are available electronically in the standard libraries of the computer algebra package
GAP [11]. If we take C1 = C, C2 = X = C3 and g = t , then in this case
|XC | = |G||CG(t)||CG(h)|
k∑
r=1
χr(h)χr(t)χr(t)
χr(1)
,
where h is a representative from C and χ1, . . . , χk the complex irreducible characters of G.
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from t . The exceptions are:
K ∼= J2, X = 2B, tx ∈ 5C ∪ 5D∗;
K ∼= HS, X = 2B, tx ∈ 6B;
K ∼= McL, X = 2B, tx ∈ 4A ∪ 5A ∪ 6B;
K ∼= Suz, X = 2D, tx ∈ 4A;
K ∼= Co3, X = 2B, tx ∈ 6C;
K ∼= Co2, X = 2C, tx ∈ 8D ∪ 12F;
K ∼= Fi22, X = 2C, tx ∈ 12B;
K ∼= Fi22, X = 2E, tx ∈ 6I;
K ∼= Fi22, X = 2F, tx ∈ 3A ∪ 6D; and
K ∼= HN, X = 2C, tx ∈ 4B ∪ 8B ∪ 14A ∪ 20C ∪ 30A.
Where XC is not contained in one disc of t we indicate the sizes of non-empty intersections
with the appropriate discs in Table 2. So, for example, when K ∼= J2 and t ∈ 2B the entries
5C(120) and 5C(24) in Table 2 tell us that for the conjugacy class C = 5C of G, |XC ∩Δ3(t)| =
120 and |XC ∩Δ4(t)| = 24. Thus the data in Table 1 follows from that in Table 2 combined with
the appropriate class structure constants.
Where possible, and where the proofs are not too lengthy, we have sought to give hand cal-
culations of the disc structure. Sometimes though it was more convenient to rely upon machine
calculations (using MAGMA [8])—a prime example of this being the analysis of the commuting
involution graphs for K ∼= Fi22 and K ∼= Co1. On a number of occasions a blend of machine
and non-machine calculations was used. Usually the hand calculations produced a subset Y of
X the elements of which were distance 2 from t . Also other elements x′ of X would be known
to have d(t, x′) 3. So if the machine calculations located a y ∈ Y with yx′ = x′y then we can
deduce that d(t, x′) = 3. This strategy was often helpful when the permutation or matrix repre-
sentation for G was ‘large’ so making some calculations slow. For example when G ∼= Aut(O′N)
or G ∼= Aut(HN). Permutation or matrix representations we employed were obtained from the
online version of the ATLAS [22]. More details of our proofs will be given in Sections 2 and 3.
We recall the well-known, and frequently useful, fact that two involutions always generate a
dihedral group. For g ∈ G we define
C∗G(g) :=
{
h ∈ G ∣∣ gh = g or gh = g−1}.
Clearly, [C∗G(g) : CG(g)] = 1 or 2. Note that for x ∈ X and z = tx, we have t, x ∈ C∗G(z) \
CG(z) if the order of z is greater than 2. Suppose L is a subset of G. Then we will use I(L)
to denote the set of involutions contained in L. Finally, for n ∈ N, Dih(2n) denotes the dihedral
group of order 2n.
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This short section gathers a number of observations which we employ in trying to determine
d(t, x) for particular x ∈ X. Our first lemma is easy to verify.
Lemma 2.1. For x ∈ X, put z = tx. Then
CCG(t)(x) = CG(t) ∩ CG(x) = CCG(z)(t) = CCG(z)(x).
Our second lemma is used repeatedly in Section 4.
Lemma 2.2. Let x ∈ X and put z = tx, and let m be the order of z.
(i) x ∈ Δ1(t) if and only if m = 2.
(ii) If m is even, m 4 and zm2 ∈ X, then x ∈ Δ2(t).
(iii) If CCG(z)(x)∩X = ∅, then d(t, x) 3. In particular, d(t, x) 3 if CCG(z)(x) has odd order.
(iv) Suppose that m is odd and assume that there do not exist any elements g ∈ G of order 2m
such that g2 = z and gm ∈ X. Then d(t, x) 3.
Proof. (i) Since z having order 2 is equivalent to tx = xt , (i) obviously holds.
(ii) By part (i), as m 4, d(t, x) 2. As is well known 〈t, x〉 is a dihedral group of order 2m
with z
m
2 ∈ Z(〈t, x〉). Since, by assumption, zm2 ∈ X we have x ∈ Δ2(t).
(iii) By Lemma 2.1
CG(t) ∩ CG(x) ∩ X = CCG(z)(x) ∩ X = ∅
from which it follows that d(t, x) 3.
(iv) Assume that m is odd. Then d(t, x) 2 by (i). If d(t, x) = 2, then there exists y ∈ CG(t)∩
CG(x) ∩ X. Let i be such that (zi)2 = z and put w = yzi . Then w2 = yziyzi = (zi)2 = z and
wm = (yzi)m = y, whereas G has no such elements. Hence d(t, x) 3. 
Our next result, Lemma 2.3, is used in the case when K is either the Thompson group or the
Lyons group.
Lemma 2.3. Suppose x, y ∈ X and 〈x, y〉  H  G with I(H) ⊆ X. Let N be a normal sub-
group of H of even order. If x /∈ N , then d(x, y) 3.
Proof. Let S ∈ Syl2(H) with y ∈ S. Since N has even order, S ∩ N = 1 and so, as S ∩ N  S,
we may choose an involution v ∈ Z(S)∩N . Now x /∈ N and therefore x and v are not conjugate
in H . Thus xv has even order and so x and v both commute with an involution u. Because
I(H) ⊆ X (x,u, v, y) is a path of length at most 3 in C(G,X). 
The next two lemmas deal with the situation when G = K .
Lemma 2.4. Let x ∈ X and set z = tx. If zK is not a G-conjugacy class, then d(t, x) 3.
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plies that CG(t) ∩ CG(x) = CCG(z)(t)  K and so CG(x) ∩ CG(t) ∩ X = ∅. Therefore, by
Lemma 2.2(iii), d(t, x) 3. 
Lemma 2.5. Let x ∈ X and put z = tx. Assume that zK is a G-conjugacy class and that
I(G \ K) = X. If CK(z) has odd order, then d(t, x) 2.
Proof. Since zK is a G-conjugacy class, we have [CG(z) : CK(z)] = 2. Recall that C∗G(z) =
〈CG(z), t〉 and CG(z) C∗G(z). Now, as CK(z) has odd order and I(G \ K) = X, 22 ∼= 〈t, y〉 ∈
Syl2(C∗G(z)) for some y ∈ X ∩ CG(z). Thus CG(t) ∩ CG(x) ∩ X = ∅ and so d(t, x) 2. 
The final lemma of this section is easily verified.
Lemma 2.6. Let x1, x2, y1, y2 ∈ X, and set z = x1x2, w = y1y2. If 〈z〉 and 〈w〉 are G-conjugate
and CG(z) has odd order, then 〈x1, x2〉 and 〈y1, y2〉 are G-conjugate.
3. Computational methods
As mentioned in the introduction we frequently combine theoretical considerations with com-
putational probing (using GAP and MAGMA). Here we discuss some of the computational aspects
of our work.
For the smaller sporadic simple groups the calculations to produce the data in Tables 1 and
2 were carried out with the computer algebra package MAGMA using the following algorithm.
Accordingly we represent G in its smallest non-trivial degree permutation representation using
the generators available from [22] and then proceed as follows:
• Compute C = CG(t) and S ∈ Syl2(C).
• Compute T = {x|x ∈ S ∩ X} (this can be done quickly if the different conjugacy classes of
involutions of G have different numbers of fixed points).
• Compute Δ1(t) which is the union of the conjugacy classes in C of the elements of T \ {t}.
Let R1 be a set of representatives for these conjugacy classes.
Then, for each i  2, do the following steps:
• Compute representatives Ri for the CG(t)-orbits of Δi(t). This is done by computing
Δ1(r) = Δ1(t)g for each r ∈ Ri−1, where tg = r , and finding those elements in Δ1(r) which
are not in the same orbit as a representative already found.
• Calculate |Δi(t)| =∑r∈Ri |CG(t)|/|CG(〈t, r〉)|.• Stop when ∑i |Δi(t)| = |G : C|.
This method is easy to implement in MAGMA and works well when the size of C(G,X) and the
degree of the permutation representation of G are not too big. It was used to calculate the data in
Tables 1 and 2 for the groups M11, M12, J1, M22, J2, M23, HS, M24 and McL. For the remaining
sporadic simple groups memory problems are encountered because in the above whole orbits
have to be calculated, so we developed other methods which exploit the class structure constants
of the group. We remark that a graph related to C(G,X) for G ∈ M24, X = 2A is studied (by
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be derived using the data in [18].
It was noted in Section 1 that |XC | may be calculated for each conjugacy class C of G.
Clearly we only need look at those C for which |XC | = 0. Also, by Lemma 2.2(i), XC ⊆ Δ1(t)
for involution conjugacy classes C, so we shall assume C is not such a class. Sometimes we
need to analyse the CG(t)-orbits into which XC breaks. In doing this it is sometimes of help to
know the permutation rank of G on X—this information may often be gleaned with the aid of
GAP. For example, when G ∼= Co1 and X = 2C there are a large number of conjugacy classes
C with XC = 0 and the permutation rank of G on X is 177. In this case it was necessary to first
determine the CG(t)-orbits on X [5] and then calculate the disc structure of C(G,X).
In circumstances where we have some grip upon the CG(t)-orbits of X we may then proceed
as follows. Suppose we have x ∈ XC , C some G-conjugacy class with x a representative of some
CG(t)-orbit. If CG(t)∩CG(x) contains elements in X (this assumes we are able to compute some
or all of CG(t) ∩ CG(x) and recognize whether elements are in X), then x ∈ Δ2(t) and hence
xCG(t) ⊆ Δ2(t). Otherwise we have d(t, x) 3. Frequently, for such cases, we are, in fact, able
to show that XC ⊆ Δ3(t) as follows. Find (usually randomly) an x ∈ X such that w = tx ∈ C.
Then calculate C∗G(w)—sometimes this was achieved using [6]. Now given u,v ∈ X for which
uv ∈ C, there exists g ∈ G such that ugvg = w = tx. Therefore ug, vg ∈ C∗G(w). Hence in order
to prove that all pairs of elements of X whose product is in C are distance three, it suffices to
consider those pairs of elements u′, v′ ∈ (C∗G(w) ∩ X) \ CG(w) such that u′v′ = w. These pairs{u′, v′} can be checked by searching for y ∈ Δ1(u′) ∩ Δ2(v′). This method was employed in the
calculation of the data in Tables 1 and 2 for the groups J3, He, Co3 (class 2B), Ru, Suz, Co2, HN
(class 2C) and Fi23 (class 2C).
4. The larger sporadic groups
In view of the cases covered in Section 3, we commence this section looking at K ∼= O′N.
4.1. K ∼= O′N, class 2A
Let x ∈ X and put z = tx. Since O′N has only one conjugacy class of involutions, d(t, x) 2
if |CG(z)| is even. Examining the orders of the centralizers of elements in [9], we see this ac-
counts for all the non-zero class structure constants except those for when z is in one of the
classes 7B , 11A, 15A, 15B∗, 19A, 19B∗2 and 19C∗4. For all these cases we have d(t, x) 3
by Lemma 2.2(iii). Again consulting [9] and employing Lemma 2.6 we see that G has unique
conjugacy classes of dihedral subgroups of order 22,30 and 38. Since J1, a maximal subgroup
of O′N, has dihedral subgroups of these orders we may assume 〈t, x〉 is contained in J1 when
z ∈ 11A ∪ 15A ∪ 15B∗ ∪ 19A ∪ 19B∗2 ∪ 19C∗4. It has already been computed (see Section 3)
that the diameter of the commuting graph for J1 is three, and so x ∈ Δ3(t) in all these cases.
From [9] there are elements g in Aut(O′N) of order 14 with g2 ∈ 7B and g7 ∈ 2B . Since
CAut(O′N)(g7) ∼= J1 × 2, we may suppose, when z ∈ 7B , that z ∈ J1 and so using Lemma 2.6
again we deduce that x ∈ Δ3(t) when z ∈ 7B .
4.2. K ∼= O′N, class 2B
So we have G = Aut(O′N) ∼= O′N : 2. Note that all the involutions in G \ K are in class 2B .
Let t ∈ G be a 2B involution and let x ∈ X. Then CK(t) ∼= J1 and CG(t) ∼= J1 × 2 (see [9]).
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and zK remains a conjugacy class in G. Then Lemmas 2.2(i) and 2.5 guarantee that d(t, x) = 2.
Suppose z ∈ 3A. Then, by [9], CK(z) = E × A where E ∼= 32 and A ∼= A6. We have that t
normalizes CK(z) and hence normalizes A. If t induces an inner automorphism upon A, then
CA(t) contains a dihedral subgroup of order 8 whereas CK(t) ∼= J1 (and J1 has elementary
abelian Sylow 2-subgroups). Hence t acts as either a 2B , 2C or 2D automorphism of A (these
being the ATLAS names for classes in Aut(A6)). In the first two cases, |CA(t)| = 24 which again
is impossible as CK(t) ∼= J1. Thus t acts as a 2D automorphism of A and |CA(t)| = 10. Be-
cause 32 does not divide |J1| and [CG(z) : CK(z)] = 2 we infer that |CCG(z)(t)| = |CCG(t)(x)|
divides 22.3.5. Now |X3A| = 5852 = 22.7.11.19 and hence |CCG(t)(x)|  22.3.5. Therefore|CCG(t)(x)| = 22.3.5 and consequently X3A is a CG(t)-orbit. It is now enough to determine
the distance between any two 2B-involutions whose product lies in 3A. Let x1, x2 ∈ CK(t) ∼= J1
with x1, x2 ∈ 2A and x1x2 ∈ 3A. Then tx1, tx2 ∈ 2B and (tx1)(tx2) = t2x1x2 = x1x2 ∈ 3A with
t ∈ CG(tx1) ∩ CG(tx2) ∩ X. Thus d(tx1, tx2) = 2.
Now suppose that z = tx ∈ 5A. Since G has one conjugacy class of elements of order 5 and
|CK(z)| = 180, using [9] we have
CK(z) ∼ 32 : 4 × 5M ∼
(
32 : 4 × A6
)·2K.
Let E be the characteristic subgroup of M isomorphic to A6. Then z ∈ E and C∗E(z) = 〈z〉〈τ 〉
where τ is an involution in E which inverts z. Since t normalizes CG(z), t also normalizes
CK(z). Thus t normalizes N = O3(CK(z)) (∼= 32) and therefore t normalizes O3(CK(N)) = E.
As a consequence t normalizes C∗E(z). So we may suppose τ chosen so as [t, τ ] = 1. Now
I(G\K) = X and so tτ ∈ X∩CG(t). Since tτ ∈ CG(z), by Lemma 2.1 tτ ∈ CG(t)∩CG(x)∩X
and hence d(t, x) = 2.
Now let z = tx ∈ 6A. From [9] CK(ξ) ∼= 32 × A6 for ξ ∈ 3A. Since there is only one K-
conjugacy class of elements of order 6 we may assume z = ξτ1 where τ1 is an involution in
O3(CK(ξ)) ∼= A6. Also, from [9], C∗K(ξ) = T × E where T ∼ 32 : 2 and E ∼= A6. Observing
that t normalizes C∗K(ξ) it then follows that t normalizes E(C∗K(ξ)) = E. Hence t normalizes
CC∗K(ξ)(E) = T . Therefore we may choose an involution τ2 ∈ T such that [t, τ2] = 1. Now,
arguing as in the case z ∈ 5A we also get d(t, x) = 2 when tx ∈ 6A.
Next we consider the case z = tx ∈ 10A. Here we have |X10A| = 175 560 and |CG(z)| = 40
with the Sylow 2-subgroups of CG(z) isomorphic to Dih(8). Since CG(t) has elementary abelian
Sylow 2-subgroups, |CCG(z)(t)| = 2 or 4. Choose s ∈ X = I(G\K). Then CG(s) = A×〈s〉 with
A ∼= J1. From Table 2 we may choose a1, a2 ∈ I(A) such that a1a2 ∈ 10A (10A in A ∼= J1). Then
a1s, a2s ∈ I(G\K) = X and (a1s)(a2s) = a1a2s2 = a1a2 is of order 10 and so (a1s)(a2s) ∈ 10A
(in O′N). Also, from Table 2, there exists a ∈ I(A) with a1 = a = a2 and [a1, a] = 1 = [a2, a].
Hence as commutes with both a1s and a2s. Without loss of generality we may assume t =
a1s. Set x1 = a2s ∈ X – so tx1 ∈ 10A. Since (tx1)5, as ∈ CG(t) ∩ CG(x1) and (tx1)5 = as, we
infer that |CCG(t)(x1)| = 4. Therefore |xCG(t)1 | = 175 560/2 = |X10A|/2. For x2 ∈ X10A \ xCG(t)1 ,
|xCG(t)2 |  |X10A|/2. Consequently |CCG(t)(x2)| = 4 and X10A = xCG(t)1 ∪ xCG(t)2 . In particular,
for all x ∈ X10A, |CCG(t)(x)| = 4 and so CCG(t)(x) ∩ X = ∅. Thus X10A ⊆ Δ2(t).
The K-classes 20A and 20B∗∗ fuse in G, as do the classes 31A and 31B∗∗. Therefore, if
z = tx ∈ 20A,20B∗∗,31A,31B∗∗, then Lemma 2.4 implies that d(t, x) 3. Now CK(t) ∼= J1
contains no elements of order 4 and so there do not exist any 2B-involutions in CG(ξ), for
ξ ∈ 4A,4B . Hence, if z = tx ∈ 4A,4B then CG(t)∩CG(x)∩X = ∅ and so d(t, x) 3. Suppose
that z = tx ∈ 28A,28B∗. Then CK(z) ∼= Z28 and so CG(z) ∼= Z56 since the classes do not fuse in
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has elementary abelian Sylow 2-subgroups. Therefore d(t, x)  3. A similar method can be
employed to show that d(t, x) 3 whenever z = tx ∈ 12A,14A.
For all the cases where d(t, x)  3 in the previous paragraph we confirm that in fact
d(t, x) = 3 using the computational methods, with G in its 154-dimensional representation over
GF(9) [22], as outlined in Section 3.
4.3. K ∼= Co3, class 2A
The commuting involution graph for G = Co3 and t ∈ 2A was computed by Sulaiman in [20].
4.4. K ∼= HN, class 2A
Let x ∈ X and set z = tx. Since the number of non-zero structure constants and the permu-
tation rank of G on X both equal 9, XC is a CG(t)-orbit for each C with |XC | = 0. Of course
Δ1(t) = X2A ∪ X2B . Also X4B ∪ X6A ⊆ Δ2(t) by Lemma 2.2(ii).
Suppose now that z = tx ∈ 5A. Since X5A is a CG(t)-orbit we need only determine d(t, x) for
one pair of elements t and x whose product is in 5A. There exists a subgroup of HN of the form
(A6 ×A6).D8, which is the normalizer in G of the direct product of two A6’s whose elements are
in the classes 2A, 3A, 4B and 5A. In A6 a 5-element is inverted by an involution, which must be
in the class 2A. Therefore, there exists a 2A involution in either copy of A6 and so d(t, x) = 2.
Notice that a similar argument shows that d(t, x) = 2 in the case that tx ∈ 3A.
If z ∈ 5E, then, by Lemma 2.17(2) of [13], for S ∈ Syl2(CG(z)), S ∼= Z2 × Z2. Since G has
three conjugacy classes of elements of order 10 whose power data is EA, EB , EB , |S∩2A| = 1.
Consequently CG(z) ∩ CG(t) ∩ X = ∅, and so d(t, x) = 2 if z ∈ 5E.
It remains to consider the case where z = tx ∈ 4A. We can draw the necessary information
from page 177 [13] which asserts that there exists a subgroup L0 G such that L0 ∼= A12. By
an abuse of notation we shall consider an element g ∈ L0 as an element of A12. But beware that
the labeling of the classes 4A and 4B in [13] are the reverse of that in the ATLAS. Thus the 4A-
elements (4A à la the ATLAS) have either cycle types 14.42 or 22.42 in L0. The 2A-involutions
in L0 have either cycle type 18.22 or 26. Now k = (1 2 3 4)(5 6 7 8) ∈ 4A is inverted by g =
(1 5)(2 8)(3 7)(4 6)(9 10)(11 12) ∈ 2A and the product kg = (1 8)(2 7)(3 6)(4 5)(9 10)(11 12) is a
2A-involution. Hence, since X4A is a CG(t)-orbit, we may suppose that t and x correspond re-
spectively to the elements (1 5)(2 8)(3 7)(4 6)(9 10)(11 12) and (1 8)(2 7)(3 6)(4 5)(9 10)(11 12).
Let y = (9 10)(11 12) ∈ L0. Then y is a 2A-involution which commutes with both t and x, so
proving that d(t, x) = 2.
4.5. K ∼= HN, class 2B
So G ∼= HN with t ∈ 2B . Let x ∈ X. In this case there are 47 non-zero structure constants.
As usual if z = tx ∈ 2A,2B , then Lemma 2.2(i) guarantees that x ∈ Δ1(t). Now suppose tx = z
where
z ∈ {4A,4C,6B,6C,8B,10C,10D,10E∗,10G,10H∗,12B,12C,20A,20B∗,20D,20E∗,
30B,30C∗}.
We see from [9] that such a z powers to a 2B involution and hence d(t, x) = 2 by Lemma 2.2(ii).
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squares to a 15C∗-element and a 30C-element squares to a 15B-element, in both cases CG(z)
must be cyclic. Let S ∈ Syl2(CG(z)). The fifteenth power of both 30B- and 30C-elements is a
2B-involution and since |S| = 2 we conclude that d(t, x) = 2.
Recall from 4.4 that there is subgroup L0 ∼= A12 of G. Also, from [13], we have that elements
in L0 with cycle type 14.24 are in 2B . For any g ∈ L0 with cycle type 15.22.3 we have |CL0(g)| =
1440. We see from [9] that such an element must be in the class 6A and that its full centralizer
in G lies in L0. Let z = (1 2 3)(4 5)(6 7) ∈ L0. Then z is inverted by a 2B-involution in L0 and
so C∗G(z)  L0. Clearly CG(z) contains a copy of A5 acting on {8,9,10,11,12}. Now t must
act upon E(CG(z)) ∼= A5 and thus t fixes an involution in A5, say (8 9)(10 11). So, as t fixes
z3 = (4 5)(6 7) it fixes the 2B-involution (4 5)(6 7)(8 9)(10 11) in CG(z). Hence, d(t, x) = 2 for
tx = z ∈ 6A. Next we consider z = tx ∈ 12A. By [9] |CG(z)| = 72, and by [13] a permutation
in L0 with cycle type 13.21.31.41 is in 12A. In looking at CG(z) we may, without loss, take
z = (1 2 3 4)(5 6 7)(8 9). Then CG(z) L0 and S = 〈(1 2 3 4)(8 9), (8 9)(11 12)〉 ∈ Syl2(CG(z)),
with Ω1(S) = {(1), (1 3)(2 4), (8 9)(11 12), (1 3)(2 4)(8 9)(11 12)}. Thus |Ω1(S)∩X| = 1 and so
CCG(z)(t) ∩ X = ∅, whence d(t, x) = 2 when tx ∈ 12A.
Let z = tx ∈ 3A and note from [9] that |CG(z)| = 544320. Now for any 3-cycle g ∈ L0 we
have CL0(g) = 〈g〉 × A9 and so conclude that g is a 3A-element in G. We can assume then that
z = (1 2 3) ∈ L0. Since C∗G(z) L0 we may assume t = (1 2)(4 5)(6 7)(8 9). Then t centralizes
the element (4 5)(6 7)(8 9)(10 11) ∈ CG(z) ∩ X and so d(t, x) = 2.
Let z = tx ∈ 30A. There are three classes of 30-elements in HN, two of which are self-
centralizing. However, for any g ∈ 30A, |CG(g)| = 60 (see [9]) and so elements in L0 with cycle
type 22.3.5 must be in the class 30A. Assume then that z = (1 2 3 4 5)(6 7 8)(9 10)(11 12) ∈ L0.
Then CG(z) = 〈z, (9 11)(10 12)〉  L0. Now let S = 〈(9 10)(11 12), (9 11)(10 12)〉 ∈
Syl2(CG(z)). Then S is a fours group whose non-trivial elements are all 2A-involutions and
so CCG(z)(t) ∩ X = ∅. Therefore, d(t, x)  3. Now involutions of cycle type 14.24 in L0 are
2B-involutions and so the element (2 5)(3 4)(7 8)(9 10) is a 2B-involution in L0 which inverts z.
Therefore, C∗G(z) L0 and t, x both have cycle type 14.24. Then by Corollary 3.5 of [2] we can
conclude that d(t, x) = 3. Using a similar method to the above we can show that d(t, x) = 3, for
z = tx ∈ {7A,9A,14A,15A,21A}.
If z = tx ∈ 20C, then CG(z) ∼= Z40. However, all involutions in CG(z) are in class 2A (see [9])
and so d(t, x)  3. If z = tx is in either 11A or 22A then |CG(z)| = 22 and the involution in
CG(z) is in class 2A. Thus in both cases we have d(t, x) 3. Any element of order 25 in HN is
self-centralizing, so CG(z) ∩ X = ∅ for tx = z ∈ 25A ∪ 25B∗ and d(t, x) 3. Let z = tx ∈ 5A.
Then CG(z) ∼= 〈z〉×U3(5), a group with only one class of involutions. Now the square of a 10B-
element in G is a 5A-element and its fifth power is a 2A-element. Hence, CG(z)∩X = ∅ and so
d(t, x) 3. Furthermore if z = tx ∈ 10B then, since CG(z) 5×U3(5), we have CG(z)∩X = ∅
and so d(t, x) 3 again. In order to show that d(t, x) = 3 for all the cases in this paragraph we
use the computational method outlined in Section 3 and the 133-dimensional representation of
HN over GF(5) from [22].
The computational procedure is also used to show that d(t, x) = 2 for
z = tx ∈ {3B,5B,5C,5D∗,5E,10A,10F }
by finding some y ∈ CCG(z)(t) ∩ X for a representative of each CG(t)-orbit.
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In this case we have G ∼= HN : 2 and CG(t) ∼= 〈t〉 × S10. Also, again from [13], we have a
subgroup L of G with L ∼= S12, L∩K = L0 ∼= A12 and the odd permutations of L of order 2 are
all in X. Lemma 2.5 readily gives X9A ∪ X21A ⊆ Δ2(t). We now accrue further involutions in
Δ2(t). Suppose that z = tx ∈ 15A. Let g = (1 2 3 4 5)(6 7 8) ∈ L. Evidently CL(z) ∼= Z15 × S4.
Consulting [9] we see that we must have g ∈ 15A and CL(g) = CG(g). Without loss we may
take z = g. Observing that there is a permutation in L which inverts z we then have C∗G(z) L.
Let S ∈ Syl2(C∗G(z)) be such that t ∈ S. Then there are four t ′ ∈ S ∩ X which invert z and for
each such t ′ we note that CCG(z)(t ′)∩X = ∅. Consequently d(t, x) = 2 whenever z = tx ∈ 15A.
Next we consider z = tx ∈ 3A. By [13, p. 177] we may suppose that z ∈ L and that, in S12,
z is a 3-cycle. Then we see that CG(z) = CL(z) ∼= 3 × S9. As we have 2-cycles in L inverting
z we then get CG(z)∗  L. Assume that z = (1 2 3). Then t = t1t2 where t1 is a transposition
on {1,2,3} and t2 is either 1 or an involution. In either case we may choose a transposition t3
on {4, . . . ,12} which commutes with t2. Therefore t3 ∈ CG(z) ∩ CG(t) ∩ X, whence d(t, x) = 2
whenever tx ∈ 3A. If we have z = tx ∈ 7A, then, as CG(z) = CL(z) ∼= 7×S5, the same argument
yields that d(t, x) = 2 in this case.
So, to summarize, X3A ∪ X7A ∪ X9A ∪ X15A ∪ X21A ⊆ Δ2(t). (Since the elements in
X7A,X9A,X15A and X21A are readily identified by their order this speeds up computer cal-
culations.) Similar investigations within L, aided by computational work in the 133-dimensional
representation for G over GF(5) [22], reveals the remainder of Δ2(t) and Δ3(t).
4.7. K ∼= Ly, class 2A
Because G ∼= Ly has only one conjugacy class of involutions, d(t, x)  2 if and only if
CG(tx) has even order. So d(t, x) 3 for tx ∈ {15C,25A,31A,31B ∗2,31C ∗4,31D∗8,31E∗
16,37A,37B∗,67A,67B ∗ 2,67C ∗ 4}. Assume z = tx ∈ 15C. Then z5 ∈ 3A and hence
〈x, t〉NG
(〈
z5
〉)= H ∼= 3·McL : 2.
Since t inverts z5, t /∈ O2(H) and, using Lemma 2.3, d(t, x) = 3 in this case. If z = tx ∈ 25A,
then z5 ∈ 5A, whence
〈x, t〉NG
(〈
z5
〉)= H ∼= 51+4+ : 4S6.
Now t inverts z5 and so t /∈ CG(z5). Therefore, as [H : CG(z5)] | 4, Lemma 2.3 again gives
d(t, x) = 3.
Turning to the case when z = tx has order 31 we see from [9] that CG(z) = 〈z〉 and hence
there is a unique G-conjugacy class of subgroups isomorphic to Dih(62) by Lemma 2.6. Now G
has a maximal G2(5) subgroup and inside this group there is a subgroup H ∼= L3(5) : 2. So we
may assume that 〈t, x〉  H . Observing that H ′ does not contain any subgroups isomorphic to
Dih(62) we get that t, x ∈ H \ H ′. Therefore d(t, x) = 3 by Lemma 2.3.
So it remains to deal with the cases when z = tx has order 37 or 67. Here we have unique G-
conjugacy classes of subgroups isomorphic to Dih(74) and Dih(134) by Lemma 2.6. However the
over-structure of these groups is very sparse and we have to resort to a computational approach.
Using the 111-dimensional GF(5) representation given in [22] we take the given matrix a as t .
Taking random conjugates of t we locate an x such that tx has order 67. Then employing the
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in CG(x). If the order of ty is not 15, 25, 31, 37 or 67, then d(t, y)  2—such a y was found
and thus d(t, x) = 3. By checking in 〈t, x〉 we find involutions x1 and x2 so as tx1 and tx2 are
representatives for the other two G-conjugacy classes of elements of order 67. Repeating the
above procedure we see that d(t, x1) = d(t, x2) = 3. A similar method shows that d(t, x) = 3
when tx has order 37.
4.8. K ∼= Th, class 2A
Since G ∼= Th also has only one conjugacy class of involutions, d(t, x) 2 whenever CG(tx)
has even order. From [9] and the structure constants we see that d(t, x) = 2 for tx ∈ {3A,3B,
3C,4A,4B,5A,6A,6B,6C,7A,8A,9A,9C,10A,12C,12D,14A,18A,18B,20A,28A,36A}
and d(t, x) 3 for tx ∈ {9B,13A,19A,21A,27A}.
Suppose tx ∈ 9B or 27A. Then (tx)3 ∈ 3B , respectively, (tx)9 ∈ 3B . Consequently 〈t, x〉
N(〈tx〉)H = NG(〈(tx)3〉), respectively, NG(〈(tx)9〉). From [9] H ∼ [39]2S4. Note that N =
CH(〈(tx)3〉) or CH(〈(tx)9〉) has index 2 in H and, as t inverts tx, t /∈ N . Since N has even order
d(t, x) 3 by Lemma 2.3. Thus d(t, x) = 3.
For tx ∈ {13A,19A,21A}, as CG(tx) has odd order, up to conjugacy there is only one
subgroup isomorphic to Dih(26), one isomorphic to Dih(38) and one isomorphic to Dih(42)
by Lemma 2.6. The Dih(38) can be seen in the maximal subgroup H ∼= L2(19) : 2. Without
loss of generality we may assume 〈t, x〉  H . Since L2(19) contains no Dih(38) subgroups,
t, x ∈ H \ H ′, whence d(t, x) 3 by Lemma 2.3 (with N = H ′). Next we have
Dih(42)H ∼= (3 × G2(3)
) : 2.
As a 21A-element to the seventh power is a 3A-element we may suppose (tx)7 ∈ Z(O2(H)).
Since t and x must invert (tx)7, t, x ∈ H \ O2(H) and therefore d(t, x)  3 by Lemma 2.3
(taking N = O2(H)).
For Dih(26) we can find such subgroups in G2(3) and then in H ∼= L3(3) : 2 (a subgroup of
G2(3)). Since L3(3) contains no Dih(26) without loss of generality we have 〈x, t〉  H with
x, t ∈ H \ H ′. Thus d(t, x) 3 by Lemma 2.3. So d(t, x) = 3 for xt ∈ {13A,19A,21A}.
4.9. Fi23, class 2A
Here X is the class of 3-transpositions and C(G,X) was determined by Fischer [10] (see
also [1]). For x ∈ X \ {t}, tx ∈ {2A,3A} (see [9]). So x ∈ Δ1(t) when tx ∈ 2A and, by connect-
edness of C(G,X), x ∈ Δ2(t) when tx ∈ 3A.
4.10. Fi23, class 2B
In this case CG(t) ∼= 22 ·U6(2).2, a maximal subgroup of G ∼= Fi23 and so using GAP we
easily calculate that the permutation rank of G on X is 12. Also we have 10 non-zero structure
constants. Computationally (using the 31671 degree permutation representation [22]) we see that
X2B and X4C each break into two CG(t)-orbits. Hence, for the remaining conjugacy classes C
with |XC | = 0, XC is a CG(t)-orbit. So we have Δ1(t) = X2B ∪ X2C and, as z powers to a 2B-
involution for z = tx ∈ {4C,6C,6K}, X4C ∪ X6C ∪ X6K ⊆ Δ2(t). That X3A ∪ X3C ∪ X4B ∪
X5A ⊆ Δ2(t) was verified computationally.
C. Bates et al. / Journal of Algebra 316 (2007) 849–868 8654.11. Fi23, class 2C
In this case we have XC = ∅ for 92 G-conjugacy classes and G has permutation rank 303
on X. Accordingly C(G,X) was investigated computationally, again using the 31671 degree
permutation representation, as outlined in Section 3.
4.12. K ∼= Co1, class 2A
Again a quick calculation in GAP reveals that G has permutation rank 11 on X and
that XC = ∅ only when C ∈ {1A,2A,2C,3B,3D,4A,4C,4D,5A,6E}. Since |X2A| =
2.32.5.11.13, |X2A| does not divide |CG(t)| and so X2A consists of two CG(t)-orbits and each
XC with C = 2A and XC = ∅ is a CG(t)-orbit.
Since elements in classes 4A, 4C and 4D square to a 2A involution and elements in 6E cube
to a 2A involution, X4A ∪ X4C ∪ X4D ∪ X6E ⊆ Δ2(t) by Lemma 2.2(ii).
Now suppose y ∈ X is such that ty ∈ 6E. Then 〈t, y〉 is a dihedral group of order 12 and
〈t, y〉 = 〈τ 〉 × 〈t, ξ 〉 where τ = (ty)3 ∈ X and ξ = (ty)2 ∈ 3B . Let x be an involution in 〈t, ξ 〉
with x = t . Then tx ∈ 3B and z ∈ CG(t)∩CG(x)∩X and so d(t, x) = 2. Since X3B is a CG(t)-
orbit, X3B ⊆ Δ2(t).
Suppose next that z = tx ∈ 5A. From [9], G contains a subgroup H with [H : E(H)] = 2 and
E(H) = F × L where F ∼= A5 and L ∼= J2. Further, I(F ) ⊆ 2B and the elements of F of order
5 are in 5A. So we may suppose that z ∈ F . Thus CG(z) = 〈z〉 × L and, as there are involutions
in F inverting z, C∗G(z) = D × L where Dih(10) ∼= D  F . Hence we must have t = τ1μ and
x = τ2μ where τ1, τ2 ∈ F ∩ 2B and μ is an involution in L. Now elements in 10A square to 5A-
elements and have fifth powers in 2A. Therefore L∩2A = ∅. Since J2 has two conjugacy classes
of involutions, μ must centralize a 2A-involution in L, say y. Then y ∈ CG(t)∩CG(x)∩X = ∅
and consequently X5A ⊆ Δ2(t).
Finally suppose that z = tx ∈ 3D. From [9] we see that G has no elements of order 6 which
square to a 3D-element and cube to a 2A-element. So CG(z) ∩ X = ∅. Hence, by Lemma 2.1,
d(t, x) 3. Then, as X \ X3D ⊆ {t} ∪ Δ1(t) ∪ Δ2(t) and C(G,X) is connected, we deduce that
Δ3(t) = X3D .
4.13. K ∼= Co1, class 2B
In this case there are 38 non-zero structure constants and CG(t) ∼= (22 × G2(4)) : 2. We have
Δ1(t) = X2A ∪ X2B ∪ X2C . If z = tx ∈ {4E,6B,6H,10C,12L,14A}, then z powers to an ele-
ment of X and so d(t, x) = 2.
Now suppose z = tx ∈ 3A. As in 4.12 G has a subgroup of shape (A5 × J2) : 2. The invo-
lutions in the A5 are in class 2B in G whereas the 3-elements are in class 3A. Assume then
that z = (1 2 3) ∈ A5 and t = (1 2)(4 5) ∈ A5. Then CCG(t)(z) ∼= J2 : 2 and so, as |X3A| = 1664,
we conclude that the set X3A is a single CG(t)-orbit. Now, by considering powers of 10B-
elements, we can find a 2B-involution y in O2(CCG(t)(z)) ∼= J2 and so clearly d(t, x) = 2.
Note that exactly the same argument shows that d(t, x) = 2 for z = tx ∈ 5A. Similar considera-
tions yield X7A ⊆ Δ2(t), as by orders of centralizers O2(CCG(t)(z)) ∼= J2 contains 7A-elements.
Since G has no elements of order 6 which square to a 3B-element and cube to a 2B-element,
CG(z) ∩ X = ∅ for z = tx ∈ 3B . Therefore d(t, x)  3 when tx ∈ 3B . If z = tx ∈ 11A, then
|CG(z)| = 66 and any involution in CG(z) is in 2C. Hence d(t, x)  3. Combining the CG(t)-
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computational procedures given in Section 3 completes the description of Δ2(t) and Δ3(t).
4.14. K ∼= Co1, class 2C
For X = 2C there are 87 non-zero structure constants and the permutation rank is 177. Our
approach is similar to that in 4.13 though, not surprisingly, there is a greater reliance on computa-
tional techniques. Apart from utilizing the CG(t)-orbit data available in [5], the method described
in [6] was employed a number of times to calculate CG(z) where z = tx, x ∈ X.
4.15. K ∼= J4, class 2A
Let x ∈ X and set z = tx. Among the non-zero structure constants we see that 〈z〉 contains
a 2A-involution if z ∈ {4A,4B,6B,8C,10A,12B} and so in these cases d(t, x) = 2. It remains
to consider z ∈ {3A,4C,5A,6C,11B}. Suppose z ∈ {3A,6C}. Since a 6C element squares to a
3A element we have that 〈t, x〉H where H = NG(〈ζ 〉) has shape 6.M22 : 2, ζ a 6A element.
Now ζ 3 ∈ 2A and ζ 3 ∈ Z(H) gives d(t, x) = 2. If z ∈ 4C, then z2 ∈ 2B and therefore
〈t, x〉C∗G
(〈z〉) CG
(
z2
)= H ∼= 211M222.
Now O2(H) is the normal 211 of 211M24 (see Lemma 1.1.1 of [16]) and thus O2(H) con-
tains precisely 1771 2A-involutions (see [9]). Evidently 〈t, x〉 (∼= Dih(8)) acts by conjugation
upon this set of 2A-involutions, at least one of which it must fix. Therefore d(t, x) = 2 when
z ∈ 4C. Next assume that z ∈ 5A. Because NG(〈z〉) has shape 5 : 4 × 23L3(2) and the fact that
t and x invert z we see that 〈t, x〉  K ∼= Dih(10) × 23L3(2). For τ an involution in O2(K)
(∼= 23), zτ has order 10 and CG(zτ) has order 960. Hence zτ ∈ 10A and so τ ∈ 2A. Since t must
centralize an involution in O2(K) ( CG(z)), we deduce that d(t, x) = 2. Lastly we consider
the case z ∈ 11B . From [9] |CG(z)| = 2 · 112 with the involutions in CG(z) being in 2B . Thus
d(t, x) 3 and 2 | |CCG(t)(x)| | 2 · 11. Since the structure constant for 11B is 220 · 33 · 5 · 7 and|CG(t)| = 221 ·33 ·5 ·7 ·11 we must have |CCG(t)(x)| = 2 ·11. In particular, X11B is a CG(t)-orbit.
Because C(G,X) is connected we infer that x ∈ Δ3(t), so completing the analysis of C(G,X)
when G ∼= J4 and X = 2A.
4.16. K ∼= Fi′24, class 2A
Let x ∈ X and set z = tx. We have XC = ∅ for C ∈ {1A,2A,2B,3A,3C,3E,4A,4B,5A,
6A,6F } and the permutation rank is 12. Since |X2A| = 22.34.13.31, |X2A| does not divide
|CG(t)| and so X2A is the union of two CG(t)-orbits and the remaining XC are CG(t)-orbits.
As usual Δ1(t) = X2A ∪ X2B and, using Lemma 2.2(ii), X4B ∪ X6A ∪ X6F ⊆ Δ2(t).
Now assume that z ∈ 3C. From Section 2.1 of [21] CG(z) ∼ 37 ·2·U4(3). Since |X3C | =
212.5.7.11.13 and X3C is a CG(t)-orbit, |CCG(t)(x)| = 27.39. So, by Lemma 2.1, |CCG(z)(t)| =
27.39. Thus for T ∈ Syl2(CCG(z)(t)), [S : T ] = 2 from some S ∈ Syl2(CG(z)). Since CG(z) does
not have a subgroup of index 2, every CG(z)-conjugacy class of involutions has an element in T .
Because of the class 6F we see that 2A ∩ CG(z) = ∅ and hence d(t, x) = 2 when z ∈ 3C.
Next we consider the case z ∈ 3A. Thus C∗G(z) ∼ (3 × O+8 (3) : 3) : 2 (see [21, §2.1]). The
induced action upon O+8 (3) is an S3—consulting [9] we see that t must centralize an involution
in each of the four involution classes of E(C∗ (z)) ∼= O+(3). Since, courtesy of the Fi′ class 6A,G 8 24
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A5 × A9 we see that C∗G(z) ∼= D × E where D ∼= Dih(10) and E ∼= A9. Since E ∩ 2A = ∅ (by
considering powers of 14A-elements) it is straightforward to see that CG(z) ∩ CG(t) ∩ X = ∅,
and so d(t, x) = 2.
Suppose that z ∈ 4A. Set w = z2. Then w ∈ 2B and C∗G(z)  CG(w) ∼ 21+12+ ·3 ·U4(3) : 2.
Put Q = O2(CG(w)) ∼= 21+12+ . Now 〈t,w〉 is a fours group containing two 2A involutions and
one 2B involution. Therefore, consulting Table 15 of [21], 〈t,w〉Q. Likewise 〈x,w〉Q and
so z ∈ Q. From Proposition 3.2.1(a) of [21] (see also Table 15), 〈t,w〉 AQ where A is an
elementary abelian group of order 8 with A \ 〈w〉 ⊆ 2A. So, as [Q : CQ(z)] = 2, A ∩ CQ(z) ∩
2A = ∅. Hence CG(t) ∩ CG(z) ∩ 2A = ∅ and therefore d(t, x) = 2.
Since the only elements of order 6 which square to a 3E-element are in 6K and 6K-elements
cube to 2B-elements, we have, for z ∈ 3E, CG(z) ∩ 2A = ∅. Hence d(t, x) 3 and so, because
C(G,X) is connected and X3E is a CG(t)-orbit, we deduce that Δ3(t) = Δ3E .
4.17. K ∼= Fi′24, class 2C
The class X = 2C consists of the 3-transpositions of G ∼= Fi24 and C(G,X) first appeared
in [10]. The details for C(G,X) are similar to those in 4.9.
4.18. K ∼= B , class 2A
For X ∈ 2A, CG(t) ∼= 2· 2E6(2) : 2 and G has permutation rank 5 on X. The intersection
matrix for this permutation representation was first determined by Fischer (see Section 2 of [14])
during his investigation of {3,4}-transposition groups and prior to the first construction of the
Baby Monster. Also, a graph in X closely related to C(G,X) is given in [15]. There for x, y ∈
X(x = y), x and y are joined by an edge if xy ∈ 2B . From either [14] or [15] it is readily deduced
that Δ1(t) = X2B ∪ X2C and Δ2(t) = X3A ∪ X4A.
4.19. K ∼= B , class 2B
From the structure constants we see that Δ1(t) = X2B ∪X2D . Now in [19] the structure of the
point-line collinearity graph G of the Baby Monster’s minimal parabolic geometry is laid bare.
The vertex set of G may be identified with X—we shall write ∇ij ( ) for the sets Δij ( ) defined
in [19] so as to distinguish them from the discs in C(G,X). Then, by the sizes of X2B and X2D ,
the fact that the permutation rank is 10 and Table 1 of [19] we observe that for x ∈ X, x ∈ Δ1(t)
if and only if x ∈ ∇1(t) ∪ ∇12 (t) ∪ ∇22 (t). A glance at Fig. 1 of [19] reveals that for x ∈ ∇32 (t) ∪
∇13 (t) ∪ ∇23 (t) there exists y ∈ ∇12 (t) such that y ∈ ∇1(x). Therefore, ∇32 (t) ∪ ∇13 (t) ∪ ∇23 (t) ⊆
Δ2(t). Now let x ∈ ∇33 (t)∪∇43 (t)∪∇4(t). From Theorem 6 of [19] (looking at [0,30,1,32]S , α22
and [0,30,1,32]S , α3) it follows that there exists y ∈ ∇12 (x) with y ∈ ∇12 (t) and consequently
we also have ∇33 (t) ∪ ∇43 (t) ∪ ∇4(t) ⊆ Δ2(t). Hence, Δ2(t) = X3A ∪ X4E ∪ X4G ∪ X5A ∪ X6C .
4.20. K ∼= M, class 2A
The structure of C(G,X) can, mostly, be extracted from information in [17] (which incorpo-
rates unpublished work of Fischer and Thompson). We only have non-zero structure constants for
classes 1A,2A,2B,3A,3C,4A,4B,5A and 6A. Also G has permutation rank 9 on X. Clearly,
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X = 2A where two elements are joined if their product is again in X) we see that
X3A ∪ X4A ∪ X4B ∪ X6A ⊆ Δ2(t).
Let x ∈ X5A. Then CCG(t)(x) ∼= HN by Table 2 of [17] and, from Lemma 6(i) of [17] (see
its proof) CCG(t)(x) ∩ X = ∅. Hence, X5A ⊆ Δ2(t). Finally we look at X3C . Again, from [17,
Table 2], CCG(t)(x) ∼= Th. Suppose CCG(t)(x) ∩ X = ∅. Then, since Th has only one involution
class and the involution centralizer is of the shape 21+8+ A9 (see [9]), we have a subgroup of
CCG(t)(x) of order 25 all of whose non-trivial elements are in 2A, contradicting 3.3 of [12]. Thus
CCG(t)(x)∩X = ∅ and therefore X3C ⊆ Δ3(t). Hence, Δ2(t) = X3A ∪X4A ∪X4B ∪X5A ∪X6A
and Δ3(t) = X3C .
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